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a b s t r a c t
Let P (S) be the family of all subsets of a finite set S. A 2-coloring of P (S) is antipodal if
every subset is colored differently than its complement. Is it true that there is a perfect
matching between the color classes such that every matched pair is inclusion related? We
give a positive answer if the color classes are assumed to be monotone. This answers a
question posed by Mazur in connection to a number theoretic problem.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let S be a finite set and let P (S) be the family of all subsets of S. A red–blue coloring of P (S) is called antipodal if each
set is colored differently than its complement. A perfect matching (respecting given coloring of P (S)) is a partition of P (S)
into a number of pairs, such that for every pair {A, B}, A and B are inclusion related subsets of different colors. The following
conjecture constitutes an extension of the problem posed by Mazur [3].
Conjecture 1. For every antipodal coloring of P (S) there is a perfect matching respecting this coloring.
The original formulation of this problem concerns matching in the set of all possible products of a given set of prime
numbers, where the smaller half is red and the rest is blue.
We prove the conjecture in the monotone case: one of the color classes is closed on taking subsets (in consequence, the
other color class is closed on taking supersets), which solves the original problem. Actually, our result is slightly stronger
and concerns partial colorings of P (S). A rigorous formulation and the proof is found in Section 3.
There are many interesting and notoriously difficult problems involving matching properties in the subset lattice (cf.
for instance [1,4,5]). In the next section, we discuss some consequences of Mazur’s conjecture. In particular, we point on a
connection to the famous union-closed sets conjecture of Peter Frankl (cf. [2]).
2. Related problems
We may generalize Conjecture 1 to lattices of divisors of an integer. As the notions of antipodal coloring and a perfect
matching can be easily extended, the formulation of a problem remains the same. We show that this (obviously stronger)
version of Conjecture 1 is equivalent to its original form.
Remark 1. Conjecture 1 implies that for every antipodal coloring of the set of divisors of an integer n there is a perfect
matching respecting this coloring.
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Proof. Let n = pα11 pα22 · · · pαrr be the standard factorization into primes. Note that the set of divisors of the form pk1m and
pα1−k1 m form a sublattice closed under taking complements, that is isomorphic to the set of divisors of n′ = p1pα22 · · · pαrr
(when α1 ≠ 2k) or n′ = pα22 · · · pαrr (when α1 = 2k). The result follows by induction. 
Note that the same argument can be used to prove an analog of Theorem 1 for these lattices.
The study ofmatchings that respect certain constraints is also related to the union-closed sets conjecture, posed by Frankl
in 1979, stating that for any union-closed family F of sets from P (S) there is an element a ∈ S that belongs to at least half
of the sets in the family.
Remark 2. Let F be a family of sets from P (S). If there exists a perfect matchingM between F and F such that for every
{A, B} ∈ M we have B ⊆ A (where A, B ∈ F ), then every element of S is contained in at least half of the sets in F .
Proof. Consider a directed graph G on a vertex set F , in which AB is an edge whenever {A, B} is contained inM . It is easy to
see, that if a ∉ A, then a ∈ B. As G is a union of disjoint cycles, the result follows. 
Note, that this remark, together with Theorem 1, proves Frankl conjecture in case when F is closed under taking
supersets.
3. The result
Let c : P (S) → {−1, 0, 1} be a coloring of the subsets of S. We interpret −1 as the red color, 1 as the blue color, and
0 as white. A coloring c is called antipodal if c(A) = −c(A), and monotone if A ⊆ B implies c(A) 6 c(B), for all A, B ⊆ S. A
matching is a collection of disjoint pairs {A, B} such that either A ⊆ B or B ⊆ A. We say that a matchingM respects coloring
c , if c(A) = −c(B) and c(A) ≠ 0, for every pair {A, B} ∈ M . Finally, a matchingM is perfect (with respect to c) if every subset
Awith c(A) ≠ 0 occurs in some pair ofM .
Theorem 1. For any antipodal, monotone coloring c of P (S) there is a perfect matching respecting c.
Before proceeding to the proof we need more notation. Assume that S = {1, 2, . . . , n} and let S ′ = S \ {n}. In order to
apply inductive argument we use two types of reduction of a coloring c from P (S) to P (S ′). Let c : P (S)→ {−1, 0, 1} be
any coloring of P (S). The weak reduction of c is a coloring cw : P (S ′)→ {−1, 0, 1} defined by
cw(A) = sgn(c(A)+ c(A ∪ {n}))
for every A ⊆ S ′. So, cw(A) = 0 if and only if both sets A and A ∪ {n} are white, or one of them is red and the other one is
blue (in coloring c). In all remaining cases the color of A is inherited from a non-white member of the pair (A, A ∪ {n}). The
strong reduction of c is the coloring cs : P (S ′)→ {−1, 0, 1} given by
cs(A) = c(A)+ c(A ∪ {n})− cw(A).
For convenience we collect all possibilities in the table below.
c(A) c(A ∪ {n}) cw(A) cs(A)
0 0 0 0
+ + + +
− − − −
+ − 0 0
− + 0 0
0 + + 0
0 − − 0
+ 0 + 0
− 0 − 0
(3.1)
The following lemmas show that both types of reduction preserve the desired properties.
Lemma 1. Let c be a monotone antipodal coloring of P (S). Then the weak reduction cw is a monotone antipodal coloring
of P (S ′).
Proof. Let A be any subset of S ′. Since A is at the same time a subset of S, we have to distinguish between the complements
of A in S and in S ′, which will be denoted simply as S \ A and S ′ \ A, respectively. By antipodality of c we may write
cw(A) = sgn (c(A)+ c(A ∪ {n})) = sgn(−c(S \ A)− c(S \ (A ∪ {n})))
= −sgn(c(S \ A)+ c(S ′ \ A)) = −sgn(c((S ′ \ A) ∪ {n})+ c(S ′ \ A))
= −cw(S ′ \ A).
This shows that cw is antipodal. Monotonicity of cw follows easily from the monotonicity of the function sgn(x). 
Similar lemma holds for the strong reduction.
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Lemma 2. Let c be a monotone antipodal coloring of P (S). Then the strong reduction cs is a monotone antipodal coloring
of P (S ′).
Proof. Let A be a subset of S ′. Then by antipodality of c and cw we may write
cs(A) = c(A)+ c(A ∪ {n})− cw(A) = −c(S \ A)− c(S − (A ∪ {n}))+ cw(S ′ \ A)
= −c((S ′ \ A) ∪ {n})− c(S ′ \ A)+ cw(S ′ \ A)
= −cs(S ′ \ A).
Let A and B be subsets of S ′, with A ⊆ B. Put k = c(B) + c(B ∪ {n}) − c(A) − c(A ∪ {n}). By monotonicity of c we have
k > 0. Hence, the inequality sgn(x) > sgn(x+ k)− k holds for any real number x, and we may write
cs(A) = c(A)+ c(A ∪ {n})− sgn(c(A)+ c(A ∪ {n}))
6 c(A)+ c(A ∪ {n})+ k− sgn(c(A)+ c(A ∪ {n})+ k)
= c(B)+ c(B ∪ {n})− sgn(c(B)+ c(B ∪ {n}))
= cs(B).
This proves the lemma. 
The following lemma gives a construction of the desired matching from matchings related to reduced colorings.
Lemma 3. Let c : P (S)→ {−1, 0, 1} be a monotone antipodal coloring of P (S), and let cw and cs be the weak reduction and
the strong reduction of c, respectively. Let Mw and Ms be perfect matchings of P (S ′) such that Mw respects cw and Ms respects
cs. Then, there exists a perfect matching that respects c.
Proof. Let G denote a graph on the vertex set P (S), in which AB forms an edge whenever A and B are inclusion related. Let
H = Mw∪Ms denote a subgraph of G consisting of the edges of matchingsMw andMs. Denote for convenience A+ = A∪{n},
and for a connectivity component C of the graph H , let C+ = {A+ : A ∈ C}. Clearly, C may be a path or an even cycle. We
shall define a new matchingM on the red–blue part of P (S) separately for each set C ∪ C+. We distinguish two cases.
Case 1. C is an even cycle.
Let A1, . . . , A2k, k > 2, be the consecutive vertices of the cycle C , where the edges A1A2, A3A4, . . . , A2k−1A2k belong to
the matching Ms. This implies that cs(Aj) ≠ 0 for every j = 1, 2, . . . , 2k. In consequence, c(Aj) = c(A+j ) ≠ 0 for all j (see
table (2.1)). This means that the color pattern on the cycle C is the same as on its shifted copy C+. Thus, we may extend the
matchingMs by adding pairs A+1 A
+
2 , A
+
3 A
+
4 , . . . , A
+
2k−1A
+
2k. Clearly, each new pair respects inclusion.
Case 2. C is a path with at least one edge.
Let the vertices of the path C be denoted as A1, . . . , Am. First we claim that cs(A1) = 0. Indeed, if cs(A1) is nonzero, then
cs(Aj) ≠ 0 for all j = 1, 2, . . . ,m, as the matchingMs covers all of C . This implies (see the table) that also cw(Aj) ≠ 0 for all j.
Hence, the matchingMw covers all vertices of C , too. But this is impossible as the end vertices of the path have degree one.
For the last vertex Ak wemay argue similarly, hence cs(Am) = 0. In consequence, the first and the last edge of C must belong
to thematchingMw , which implies thatm = 2k. So, the edges A1A2, . . . , A2k−1A2k belong toMw , while A2A3, . . . , A2k−2A2k−1
belong to Ms. Therefore all values cs(Aj) are nonzero except for j = 1 and j = 2k. Analyzing possible sign patterns on the
path C (see table (2.1)) and remembering that coloring c is monotonic, we get the following picture:
A1 A2 A3 A4 · · · A2k−1 A2k
cw(Aj) − + − + · · · − +
cs(Aj) 0 + − + · · · − 0
c(Aj) − + − + · · · − 0
c(A+j ) 0 + − + · · · − +
(3.2)
(The case cw(A1) = 1 gives a symmetric table.) Notice that c(A+1 ) = c(A2k) = 0, so these vertices will not be covered
by our new matching M . Now, by monotonicity of the weak reduction cw it must be A1 ⊆ A2. Hence A1 ⊆ A+2 and we may
include the edge A1A+2 to the matchingM . Next we take all edges of the matchingMs, that is A2A3, . . . , A2k−2A2k−1, and the
shifted edges A+3 A
+
4 , . . . , A
+
2k−1A
+
2k. Clearly, all new edges respect inclusion.
Finally, we have to take care of those vertices of Gwhich are colored red or blue by coloring c , but became white in both
reductions. Then we simply match A with A ∪ {n}, which is correct, as in this case the sets have opposite colors (see table
(2.1)). This concludes the proof of the lemma. 
Proof of Theorem 1. Use induction on n and apply Lemma 3 to construct a desired matching. 
4. Discussion
A number of further questions come to mind. Is it likely that Conjecture 1 holds for posets other than the one induced
by P (S)? As the antipodality restriction on the coloring is essential, we may focus on posets in which every element has a
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natural complement. Apart from lattices of divisors of a natural number, mentioned in Remark 1, we may consider lattices
of subspaces of a finite vector space.
Remark 2 suggests a broader area of interest. Are there any properties of antipodal (partial) colorings ofP (S) (other than
monotonicity) that ensure the existence of a red–blue perfect matching? The antipodality alone is not enough (consider a
coloring where only two sets are non-white). On the other hand, the case when coloring is antipodal and all sets of size k
and n − k are non-white seems promising. More general results of this kind would confirm Frankl’s conjecture for other
families of sets.
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